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Abstract

In this paper coupled torsional and vertical oscillations of a beam in a wind-field are studied. Different kinds of dampers
are added to the beam to suppress undesirable oscillations. Using a two times scales perturbation method, the relationship
between the beam parameters and the damping rates are obtained analytically.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

During the last decades a lot of suspension bridges and cable stay bridges have been constructed. Compared
to the old bridges the new ones are usually longer and are built with fewer pillars and stays. One of the longest
suspension bridges in the world at the moment is the Akashi Kaikyo Bridge in Japan with a span length of
12 828 feet. This relatively high bridge connects the city of Kobe to one of its neighboring islands. It is very
important to investigate the behavior of such suspension bridges in airflow. It is known that a suspension
bridge can undergo dangerous oscillations under strong wind. These oscillations can be vertical and torsional
ones. Moreover, the torsional oscillations are very sensitive to the nonlinear behavior of the cables and the
hangers connecting the roadbed to the main suspension cables. Without special design tricks flutter
instabilities will occur at wind speeds below the required critical wind speed for these span lengths. It is known
that flutter produces motions often in the form of torsional oscillations. It is believed nowadays that flutter
caused the collapse of the Tacoma Narrow Bridge in 1940. Hence it is so important to investigate dynamic
oscillations in suspension bridges, especially the destructive large-amplitude oscillations, and to develop design
techniques to prevent such destructive oscillations.

Simple models for such oscillations are described with second- and fourth-order partial differential
equations. Usually asymptotic methods can be used to construct approximations for the solutions of these
wave, beam or plate equations. For a long time initial-boundary value problems for weakly nonlinear wave
equations have been studied. For example in Ref. [1] a forced nonlinear wave equation on a bounded domain
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has been considered which (under certain physical assumptions) models the torsional oscillations of the main
deck of a suspension bridge.

The analysis becomes more complicated for beam equations (see for instance Refs. [2-7]). In the last decades
Lazer and McKenna proposed mathematical models describing oscillations in suspension bridges, which are
based upon the observation that the fundamental nonlinearity in suspension bridges is that the stays
connecting the supporting cables and the roadbed resist expansion but do not resist compression. These
models are described by systems of coupled nonlinear partial differential equations. The vertical and torsional
motions are coupled through nonlinear terms. These nonlinearities arise from the loss of tension in the vertical
cables supporting the deck. The impact of wind forces on the stability of motion in this system is considered
for cases with and without viscous and structural damping. However, the case of coupled vertical and
torsional oscillations is not completely studied and understood. Multiple large-amplitude periodic oscillations
have been found theoretically and numerically in the single Lazer—-McKenna suspension bridge equation (see
Refs. [2,3,8-12]). Recently for the Lazer—-McKenna suspension bridge system governed by coupled nonlinear
beam and wave equations multiple periodic oscillations have been found [13,14].

In most of the papers as mentioned before the authors used numerical approaches to study and to describe
the vertical or/and torsional oscillations, and also assumptions have been introduced to decouple the system of
nonlinear differential equations. In this paper a model describing both torsional and vertical oscillations of
suspension bridges will be presented. An engineering approach will be used, that is, different dampers will be
added to the suspension bridge to diminish undesirable oscillations. The system will be linearized around the
most critical regimes where the oscillations can occur. The analysis of the linearized problems will be presented
in this paper.

The outline of this paper is as follows. In Section 2 the derivation of the model will be given. In Section 3
several kinds of damping mechanisms are introduced and their influence on the vertical oscillations of the
system are studied. Three types of damping mechanisms to diminish the coupled torsional and vertical
oscillations of the system are considered and studied in Section 4. Finally some conclusions will be drawn in
Section 5.

2. Mathematical model of coupled torsional and vertical oscillations of a beam in a wind field

In this section a simple model describing both vertical and torsional oscillations of suspension bridges will
be derived. To derive the equations of motion for an elastic beam part of the analysis as given in Refs. [7,15]
will be followed. An elastic beam of length / will be considered. The x-axis is taken along the beam axis, such
that the left end of the beam corresponds with x = 0. The z-axis is taken vertically. It is assumed that the beam
can rotate around the x-axis. Using Kirchhoff’s approach the horizontal movement in x-direction can be
eliminated. It is known that the galloping oscillations (which are considered in this section) produce almost
purely vertical motion of an elastic structure in a wind-field. So it is assumed that the movement of the beam in
the y-direction can be neglected, and only vertical (that is, in the z-direction) and torsional oscillations of the
beam around the x-axis are considered.

Coupled flexural and torsional vibrations will occur for this beam due to wind forces. We will consider low
frequencies and a large amplitude phenomenon involving vertical and torsional oscillations of a beam on
which for instance ice has been accumulated. The frequencies involved are so low that the assumption can be
made that the aerodynamic forces are as in steady flow. Another consequence of these low frequencies is that
structural damping may be neglected. To model such vibrations a (weakly) nonsymmetrical cross-section
perpendicular to the x-axis of the beam (for example with an ice ridge) will be considered. It is assumed that
every cross-section perpendicular to the x-axis oscillates in the (y,z)-plane (see Fig. 1). Along the axis of
symmetry of a cross-section a vector e, is defined to be directing away from the ice ridge and starting in the
center of the cross-section. On each coordinate axis a unit vector is fixed: on the x-axis the vector e, on the y-
axis the vector e, and on the z-axis the vector e., which has a direction opposite to gravity. Let the static angle
of attack oy (assumed to be constant and identical for all cross-sections) to be the angle between e; and the
uniform airflow Ve, with | o | <. In this uniform airflow with flow velocity Vo, = v€) (Vs >0) the beam
may oscillate due to the lift force Le;, the drag force Dep, and the moment Me,,. It should be noted that the
drag force Dep has the direction of the virtual wind velocity Dv, = v, — (Ow/0¢)e., and the lift force Le; has
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Fig. 1. Cross-section at x = x( of the circular beam with ice ridge in the (y, z)-plane.

a direction perpendicular to the virtual windvelocity v,. In Fig. 1 the forces Le; and Dep acting on the
cross-section are given. The equations describing the vertical and the torsional motions of the beam are
given by

/

EA .
pAW,; — o | wi dxwyy + EIWyyox = — pAg + Dsin(¢p — 0)
+ Lcos(¢p — 0), (1
plpgtt - Rgxx = _PAC(W - Cg)tt + M> (2)

where the magnitudes of the drag force, the lift force, and the moment in the (y, z)-plane acting on the beam
per unit length of the beam are D, L, and M, respectively, the moment M acts in the (y, z)-plane around the
x-axis, p is the mass density of the beam (including the small ice ridge), A is the constant cross-sectional area of
the beam (including the small ice ridge), ¢ is the angle between v, and vy (with | ¢ | <n), g is the gravitational
acceleration, 0 is the angle of torsion in the (y, z)-plane around the axis of the beam, E is Young’s modulus, 7 is
the moment of inertia of the cross-section (including the small ice ridge), I, is the polar moment of inertia of
the cross-section (including the small ice ridge), R = EId,/2(1 — v) is the torsional rigidity, d; is a diameter
of the cross-section of the beam, v is Poisson’s ratio, and w is the displacement in the vertical direction, ¢ is the
distance from the centroid of the beam to the outside of the beam. In Eq. (2) the term pAc(w — c0),, represents
the transverse inertial force and the term pf,0, the inertial torque [16]. The magnitudes D, L and M of the
aerodynamic forces may be given by

D=lpdicp@0?, L=Lpdics@it, M =1Lpdicu()l. (3)

where p,, is the density of the air, v; =| v, |, o is the angle between e, and v, with (| « | <=), and cp(a), ¢ () and
cu(o) are the quasi-steady drag-, lift- and moment-coefficients, which may be obtained from wind-tunnel
measurements. For a certain range of values of vy, some characteristic results from wind-tunnel experiments
are given in Ref. [17]. From these experimental results the drag-, lift- and moment-coefficients can be
approximated for low velocities of the beam by (see also Ref. [15]):

ep(@0) = (e —on)ep,  ep(w) = er, (o — ag) + ez, (o — o),

en(@) = ear, (o — o) + eary (o0 — 1), 4)

where cp, cr1, c13, cp1, and cyy3 are constants, o is a critical value such that (according to the Den Hartog
criterion) galloping may set in. For galloping oscillations which are low-frequency oscillations it can be
assumed that |¢| < 1. The right-hand side of Eqs. (1)~(2) can be expanded near w,/v, = 0 and 6 = 0. Using
the fact that ¢ = arctan(—w,/v) and neglecting terms of degree four and higher one obtains after some
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elementary calculations

EA [! 1
pAW,; — —/ wi dx wyy + ElWyyoy = — pAg + fpadl vio ay + a We +0
21 0 Voo

wy 3

+a262+a37+a4v 0+ as—- 3

2
+a67'f9+a7—’92 +a893>, (5)
U5, Voo
plpen — ROy, = — pAc(w — c0), + (bo + by ( + 9) + b292

3

2
Wy w; W

s L +b4—0+b5 +b6‘”fe+b7 02+b803)’ ©

OO

where

ay = (o — oay)(crr + era((o — 1)),
ay = —(cr1 + e — o)’ + eplars — o)),
ar = (o — o) ert + o364 (o — 1)),
a3 = —(eni (o — o) + (o — a)ers((o — o1)* = 6) = 2¢p),
ay = (=Lepi (o — o) — S ers(og — on)((og — o1)* — 6) + cp),
as = —(Lerr + ep3G(a — o)® + 1) + (o — o)),
ag = (Ler +3era((o — o1)* — 6) — L(og — o)ep),
a7 =3Bt + 3er3(3(0 — 01)* — 2) + cplo — 1)),
as = (co1 + cr3(3(o — 1)* = 2) +Lep(oy — o)),
by = can (o — o) + ears(os — o)’y by = —(eart + 3ears(o — 1)?),
by = (ots — o )(eprr + (o — o) enrs(3 + oy — o)),
by = 6cms(og — o), ba = 3cus(os — o),
bs = —Gean + e —on)* + 1), by = —cuss,

be = —(cant + 3eas((os —on)* + 1)), by = —3cans. (7

Eq. (5) will be simplified by eliminating the term —pAg by introducing the transformation w = W — Ags(x),
where s(x) satisfies the following time-independent boundary value problem:

A3g2
Sxxxx_TH/ § dxswc"‘ﬁ 0»

50) = 5(1) = 0, $52(0) = sxx(l) = 0.

The term —Ags(x) represents the deflection of the beam in static state due to gravity. Using the d1rnens1onless

variables 7= 1/°\/(EI/pA)t, W = vao /I*\/(EI [pA)W, X = x/I and § = EIk>/p, where k = A3¢?/2II fos dx,

and assuming that the deflection of the beam in static state due to gravity, gA4s(x), is small with respect to the
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vertical displacement 1w, which is of order 1, Egs. (5)—(6) become
Wiz + Wizee = &lap + aywy + a0 + a3w,2 + a4 wih + a5u'/;3’

+ ag?0 + apwi0* + ag0?) + O(e"), (8)

07 — bzgxx = — &(l;o + 51\47,‘ + 519 + 53‘17% + 541/7/79 + 55W?
+ be w20 + byw;0% + bs0?) + O(e"), )

with n> 1, b; = (APveo/pA/(AC* + I,)EDb;, b* = AP /2(1 —v)(Ac* +1,), and & = p,dvsl*/2\/Elp.A is a
small parameter. Assuming that the static angle of attack oy is such that galloping may set in according to the
instability criterion of den Hartog [18], that is, assuming that oy = a; + (O(¢), the partial differential equations

describing up to (O(¢"), n> 1, the vertical and torsional displacement of an elastic beam in a uniform airflow
will be

- - -2 - _3
Wiz + Weree = elaiwr + a10 + a3Ww; + agw;0 4 asws

+ ag?0 + a0 + ag0’), 0<x<l1, 7>0, (10)

077 — b*0zz = —e(b1 7 + 510 + b3? + by + bsiv?
+ be w20 4 byw;0* + bg0®), 0<i<l1, 7>0. (11)

When a simply supported beam is considered which cannot rotate around the x-axis at x =0 and 1, the
following boundary conditions should be introduced

M_/(O, lT) = M_/(l, lT) = M_/_;—,g(o, l_) = M_/’_;—g(l, l_) = 0, 17< 0, (12)

0(0,7) = 0(1,7) = 0, 7<0. (13)

For convenience all bars will be dropped in the further analysis. These boundary conditions (12)—(13) imply
that the functions w and 6 can be extended as odd, 2-periodic functions in x, i.e. w and 6 can be written in
Fourier sine-series in x:

wix, 1) =g, ()sin(nnx),  0(x,0) =Y f, (1) sin(mmx). (14)
n=1 m=1

Since the right-hand sides of Eqgs. (10)—~(11) contain a small parameter ¢ perturbation method are usually

applied to construct approximations of the functions w(x, ) and 6(x, ¢).

3. Boundary damping

When a perturbation is used terms that give rise to secular terms may occur in the right-hand sides of
Eqgs. (10)—(11). Usually to eliminate these terms a multiple time scales perturbation method is introduced.
However, by substituting expressions (14) for w and 0 into system (10)—(13) and by using the perturbation
method (see also Ref. [19]), an infinite dimensional system of coupled ODEs will be obtained which would be
hard (if not impossible) to analyze because of its complexity. Since all vibration modes have to be considered due
to the existing infinitely, many internal resonances it will be unclear how a truncation method can be applied. On
the other hand only the low-frequency oscillations are important to describe the galloping oscillations of a beam
in a windfield. For that reason a more engineering approach will be used. In practice dampers are added to the
beam (or to the elastic structures such as bridges) to diminish undesirable oscillations. It will be assumed that the
oscillation amplitudes are sufficiently small, such that the nonlinear terms in Egs. (8)—(9) are of higher order
compared to the linear terms. So, it will be assumed that the linear terms are far more important than the (small)
nonlinear terms, and this will imply that the internal resonances due to the nonlinear terms can be left out in the
analysis. Then, an analysis of the linearized problem (10)-(13) (including the dampers) is usually sufficient to
consider. For that reason system (10)-(11) will be linearized first, yielding

Wi + Wxxxex = 8al(wt + 9): (15)
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0y — b0 = —eb1 (W, +0), (16)

and then several damping aspects for the linearized problem will be considered.

As a first simplification in the investigation of coupled torsional and vertical vibrations of an elastic beam
only the vertical oscillations of the beam are considered. In Section 4 both torsional and vertical vibrations will
be studied. First a cantilevered beam with two types of dampers attached to the free end will be considered (see
Fig. 2). The vertical oscillations of such a beam can be described by the following boundary value problem:

Wi+ Wy = 8aqw;, 0<x<l1, t>0, 17
w=w,=0, x=0, >0, (18)

Wiy = —&fwy, x=1, t>0, (19)
Wiy = €0W;, x=1, >0, (20)

where o and f are positive damping constants. The boundary condition (19) and (20) describe rotational and
vertical damping respectively, and can be obtained by applying Newton’s second law. For instance to obtain
boundary condition (20) it can be assumed that a small mass m is added to the right end of the beam at x = 1.
Newton’s second law then implies mw,, (1, 1) = wy(1, 1) — cow,(1, £), where w,.(1, t) represents the shear force
at x = 1, and eaw,(1, t) the damping force. By letting m—>0 boundary conditions (20) will follow. Similarly,
boundary condition (19) can be obtained by studying the angular acceleration.

Two time scales are introduced ¢ = ¢y and © = ¢f, and it is assumed that w(x, 7) can be expanded in a formal
power series in e, that is, w(x, ) = wo(X, to, T) + ew;(x, o, T) + >Wwa(X, tp, T) + - - - . Substituting this into the
boundary value problem (17)~(20) and collecting equal powers in ¢, yields the following ((¢°)-problem

*wo 0wy

=0
61% x4 ’
)
wo:al—;o:O, x=0,
o o?
Mo_%M o =1 1)

ox2  ox3
By using the method of separation of variables solutions of the well-known problem (21) for the cantilevered
beam can readily be constructed. The following for wy is the finally obtained

o0

wo(x, fo,7) = Y _ (Au(t)sin(Z;10) + Bu(t) cos(Z,10)) ,,(x). (22)

n=1

where ¢,(x) = sin(4,x) — sinh(4,x) + y(cosh(4,x) — cos(4,x)), y = sin(4,) + sinh(4,)/ cos(4,) 4+ cosh(4,), and
Ay n=0,1,2,3...is the nth zero of the transcendental equation cosh(4,)cos(4,) +1 = 0.

| @
g

Fig. 2. A beam clamped at one end and with lateral and torsional dampers at the other.
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Next the ((¢')-problem is considered

wy o*wy owg *wo
? + A U T A A
% Ox Oty 0ty0t
owy
=—=0 =0,
W1 ox , X
*w, _ *wo _ 1
ox2 T oxoty’ ’
S _ o0 (23)
ox3 Oty ’ o

To solve the boundary value problem (23) for wy it is convenient to make the boundary conditions in Eq. (23)
at x = 1 homogeneous by introducing the following transformation:

zawyo(l,tOs T) Eaz‘/vo(lsl(hf) x2
2 0ty 2 0x0ty
aOwo(1, 19, 7) 3

wi(x, to, ) = uy(x, 19, 7) — (

24
6 oty 24)
The boundary value problem (23) then becomes
62u1 641/[1 —u 6w0 62w0 o 63W0(1, to, ’L’)
o T oxt T o Toor ' \2 i
ﬁa4“}0(1,t0, T) 2 aa3W0(1,t0,T) 3
—— —_—— 25
2 o, )Y 6 o )
6u1 62u1 631,{1
"= » Xx=0; oxz  0x3 0, x (26)

Now u; can be written as u; = Y f ,(t0, T)¢,(x) and by substituting this into Eq. (25) the following is obtained

00 2 0
> (aai)" b ) b= > 22 ("‘ Gllto) =2 %) )
n=1

n=1

+ 52 I Galty, D, (N = x7) — gzl PGl

where G,(ty,7) = A,(7) cos(iilo) — By(7) sin(iitg). Using the orthogonality properties of the functions ¢,(x) it
then follows from the last equation that f has to satisfy

o2 , 0Gk(1, 1)
(6—tok + }vifk) =X <a1 Gi(to) — T)Vl

=3 E G, DD+ 79 = D541 Galto o)

n=1

where

1 1 !
n= /0 Prody, 7y = /0 Epdy, 3= /0 X () dx.

Since cos(/lito) and sin(}vito) are part of the homogeneous solution of u, it follows that the coefficients of
cos(/l,zcto) and Sil’l(}vito) in the right-hand side of Eq. (27) should be equal to zero (elimination of secular terms).



1120 M.A. Zarubinskaya, W.T. van Horssen | Journal of Sound and Vibration 298 (2006) 1113-1128

This gives us differential equations for 4A; and By

0Ay

ot

0By
ot

where

finy = 22

+(225, + 3pAg + 6y) cos(k) + (2943 — 345 — 6)sin(x)) /
((y2 + 1) cosh(J)(sinh(A) — 2 sin(2z)) — (> — 1) cos(2)
x (2 sinh(A) — sin(x)) — 2y(cosh?(Ax) — cos*(Ax))

+ 4y sinh() sin(g) + 292),

= (—of () — Balu) + 5 ) A,

= (=2 00— BgGa) + %) B

(28)

(273 + 3927 — 6y) cosh(Ax) — (2943 + 373 — 6)sinh(Jy)

90k) = 2.3 (D((Ag + 224 + 2y) sinh(Ax) — (A + 2924 + 2) sinh(Jx)

—(Ag = 224 — 2y)sin(A) — (A + 292k — 2)cos(Zx)) /
((VZ + 1) cosh(J)(sinh(A) — 2sin(Ax)) — (> — 1) cos(2)
x (2 sinh(Z) — sin(x)) — 2y(cosh?(Ax) — cos?(Ax))

x4y sinh(Ax) sin(4x) + 2”//11{)

In Table 1 the first ten values of the coefficients f(4;) and g(4x) are given.

From Eq. (28) and Table 1 it can be concluded that for sufficiently large (positive) values of o and f the
beam can be damped. To be more specific to have damping, the coefficient —af (/) — fg(Ar) + a1 /2 should be
negative. And since the function f(/;) ~ 2.0 and the increasing function g(1;)>9 it follows that for a given q;

when a and f are chosen such that —2a — 9 + a; /2 <0 damping will always occur.

As a next step in the investigation the vertical oscillations of a simply supported beam with two different
types of dampers attached at a distance d from the left end of the beam is considered (see Fig. 3). The vertical
oscillations of such a beam can be described by the following boundary value problem:

w’,', + W;xxx = salwi, O<x<l1, t>0, (29)
wh=wl =0, x=0, >0, (30)
wlh=wll =0, x=1, r>0, (31
Table 1
The first ten values of the coefficients f(1;) and g(4x)
n o S () 9(n)
1 21.875 2.0 9.141
2 4.694 2.0 57.287
3 7.855 2.0 160.423
4 10.996 2.0 314.371
5 14.137 2.0 519.622
6 17.279 2.0 776.260
7 20.420 2.0 1084.139
8 23.562 2.0 1443.436
9 26.704 2.0 1854.069
10 29.845 2.0 2315.882
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Fig. 3. A beam simply supported at both ends, and with an intermediate lateral and torsional damper.

wh=wl, wl =l x =4, (32)
wil —wl = epw =d (33)
XX xx = Xt> X =d,
11 I _
Wiy — Wiy = —80W;, X =d, (34)

where « and f are positive damping parameters and i defines the section of the beam (see Fig. 3), that is, w' and
w!l are the vertical displacements of the beam for 0 <x<d and for d<x< 1, respectively.

Again two time scales, ¢ = ¢y and © = ¢f are introduced, and it is assumed that w(x, ¢) can be expanded in a
formal power series in &, that is, w(x, ) = wo(X, ty, T) + ew;(x, to, T) + e2wa(X, ty,T) + - - - . By substituting this
expressions into the boundary value problem (29)—(34) and by collecting equal powers in ¢ then the following
((£")-problem is obtained

62W0 64W0
a—[(z) 6)(4 :0, 0<X<1, (35)

_ 62W0 _
Tooxz 7
and wgy, Wox, Woxy, and woyyy are continuous at x = d. By using the method of separation of variables the

solution of this well-known problem for the free oscillations of a simply supported beam can readily be
obtained, yielding

Wo x=0, x=1, (36)

wo(x, 7o, T) = i (An(r) sin(n*n*to) + By(t) cos(n*n’ty)) sin(nmx). (37)

n=1

Next the @(¢')-problem will be considered

o*wi otwi owh, ., 0wl
= —2—2 O0<x<d,i=1, d<x<l, i=2 38
an e TN Tanor YT L dsashii=s %)
o’wl Pl
1 1 . m_ 1 _ _
w,:ax2=0,x=0, Wl—axz— , x=1,
owl  owll
I _ .1 1 _ oW _
" > ax ox ’ 4,
2 2 2
awlll_awllzﬁawé’ —d
ox? Ox?2 0x0ty
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owil o'wl awo
ox3 ox3 6t0

To solve the boundary value problem (38)—(39) for wy it is convenient to make the boundary conditions in
Eq. (39) at x = d homogeneous by introducing the following transformations:

ad(d® — 3d + 2) dwo(d, 1, T) N

—d. (39)

1
M}I(Xa 1o, T) = M](X, 1o, T) -

6 Oty
BB — 6d +2)0*wo(d, t9,7) | ol — d)dwo(d, 10,7) 5
6 axdn, 6 o
ﬁa wo(d, 19, 7) 3
6  0xd1 ’ (40)
ad’ dwo(d, to,7)  Pd> *wo(d, 1, 7)
wil(x, 20, 7) = ui(x, t0,7) + —— 6 oo > Oxdto
_ od(d” + 2)dwo(d, fo, 0 BB +2)wo(d, fo, 0
6 Oty 6 0x0t,
od Owo(d, ty,T) 5 ﬁazw()(d, to,T) 5 odOwy(d, ty,T)
+ 5 X"+ X=X
2 oty 2 0x0t, 6 Oty
_ Bwo(d, 10,7) N
S 41
6 0x0t, ( )

By substituting this transformation into Egs. (38)—(39) and by putting u;(x, 79,7) = Y/ u(f0, 7) sin(nzx), and
by using the orthogonality properties of the sine functions the following equation for f (%, ) is obtained

aGk(lo, ‘C))

( fk+(k )fk)/2—(k7f) (ale(to)— /2

X o
Zg Kon8(—d(d* — 3d 4+ 2)7, + (1 — d)7s + d*py — 3d(d*> + 1)y,
k=1

— 3dy, — dy3)Gi(to, 7) sin(knd) + Z B (3af2 6d + 2)7,
=0

—73 + 3d%p0 + Bd® + 2)p; + 37, — 73) Gilt0, ©) cos(knd), (42)
where Gy (1o, 7) = Ax(t) cos(k*n2ty) — Bi(t) sin(k>nt),

d d 1
71 = / xsin(knx)dx, 7;= / X3 sin(knx) dx, Yo = / sin(kmx) dx,
0 0 d

1

1 1
Y= / xsin(knx)dx, 7y, = / x*sin(knx)dx, 7y = / x* sin(kmx) dx.
d d d

Since cos(/lzzo) and s1n()hkt0) are part of the homogeneous solution of u, the coefficients of cos()ukto) and
sm(Akto) in the right-hand side of Eq. (42) should be set equal to zero (elimination of secular terms). The
following differential equations for 4; and By are then obtained

Akz( asin?(knd) — pICT cos*(knd) + 2 )Ak, 43)

By = (—osin®(knd) — B cos*(end) + %) B (44)

For sufficiently large values of the damping parameters o and [ the expression between brackets in
Eqgs. (43)(44) is always negative. So, with this type of damping device the flow-induced vibrations of the beam
can be damped, that is, all oscillation modes will tend to zero.
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4. Coupled torsional and vertical vibrations

In this section the coupled torsional and vertical vibrations of a simply supported beam will be studied. The
suspension bridge in this section will be modeled by a system as given in Fig. 3. An additional torsional
damper is attached at x = d such that the torsional vibrations of the beam around the beam axis are also
damped. This damping is assumed to be proportional to the torsional velocity 6,. This system can be described
by the following initial-boundary value problem

Wi+ Wi = ear(wy + 6,
0, — b*0" = —eby(w' + 0,

wlzwI =0, x=0; w“:wg,:o, x=1,

wh=wl w=wl x=4d,

X R

I T _ _
Wiy — Wy = 8fWy, Xx=d,

wi ol = —eaw,, x=d,

0'=0, x=0, x=d; 0'=0%, x=d,

O — 0L =00, x=d, (45)

where o, ff, and § are positive damping parameters, and where the last boundary conditions in Eq. (45) again
can be derived by applying Newton’s second law to an element at x = d. The beam is divided (by dampers)
into two sections. The parameter i = I corresponds to the section of the beam with 0<x<d, and the
parameter i = II corresponds to the section with d <x< 1. A two time scales perturbation method will be used
to solve this problem approximately. To investigate the influence of the wind-forces and the dampers a fast
time #; and a slow time 7 are introduced. Also the functions w and 0 are expanded in power series in ¢, that is,
w(x, 1) = wo(x, ty, T) + ewi(x, ty, ) + - - - and O(x, 1) = Oy(x, ty,7) + €01(x, tp,7) + --- . Then the O(1) and 0O(e)
problems are studied. The @(1)-problem becomes

Pwy  wy _

a2 T =0
—azi" e —6)2020 =0,
ot Ox
0w
W0=K20= , =0, x=1,

0p=0, x=0, x=1,
and wg, Wox, Woxxs Woxxx, Bo, and Oy are continuous at x = d. This problem is well-known and can easily be
solved, yielding

wo(x, tg, 7) = i (A(7) sin(n*n*ty) + B,(1) cos(n*n’ty)) sin(nmx), (46)

n=1

Oo(x, ty, 1) = i(cm(r) sin(mnbty) + D,,(1) cos(mnbty)) sin(mmnx). 47)

m=1
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The O(¢)-problem now becomes

Pw, *w owy *wo
MO (24 g, ) — 220 48
o2 o ‘(azo 0) 0 (48)
0’0, 0%, Owo 0%0,
St g (2 2N 4
a2 Uae T h (azo + 9") dt0de’ )
o*w! *w?
1 1 2 1
wlzﬁz , x=20, wlzaxzzo,x:l, (50)
ow!  owll
wh = wil, aTc]:aTcl’ x=d, (51)
o*wil 97wl 0% wo
ox2  ox2 ﬁ@t()@x’ x=d, (52)
o*wil 9wl dwo
e o = Yo =% =
0,=0, x=0, x=1, 0,=0]" x=d, (54)
I I
%_%—5600 x=d. (55)

ox ox 01y

The boundary conditions (51)—(55) are nonhomogeneous ones. To solve the boundary value problem (48)—(55)
the following transformations are introduced to make the boundary conditions homogeneous:

: ad(d® — 3d + 2)dwo(to,7,d)  PBd* — 6d + 2) 3wy (19,1, d)
W=t (‘ 6 o 6 0t )
a(1 — d)owo(to, 7, d) O *wolto, 7, d)\ 3
+ ( 6 oy 6 oxdn )x :

i, +a_d3 dwo(d) | pd’wo(d) ([ ad(d” + 2)dwo(d)
T 2 oxdty 6 oty

_ﬂ(3d2+2)62Wo(to,r,d)> (Wawo(lo,‘f,d) ﬁa%vO(ro,r,d)>x2

6 0x0t 2 oty 2 0x0ty
+ _%6}1}0([097:’ d) _ EaZWO([(), T, d) x3
6 oty 6 0x0t ’

00y (tg, 7, d 00o(to, T, d 00y (9,7, d
o(o, T, )x, 5 o(%0, 7, )—i—dé o(0, T, )x,
Oty 0ty Oty
where u; = u;(x, t9,7) and n, = n(x, ty, 7). By using these transformations, by substituting the expressions for

wo and 0y into (48)—(55), by using the orthogonality properties of the sine-series, and by taking into
consideration that the functions u(x, ty, 7) and #,(x, ty, t) have the following form:

0] = +(d = 1) 0 =n—d

UI(X, to, T) = i fn(t()a -C) sin(nrcx),
n=1

m(x,t,7) = Z g,,(t0, 7) sin(mmnx),
m=1
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it follows that the boundary value problem (48)—(55) can be rewritten as a problem for £, (¢, 7) and g,(, 1)

<aaf2k+k4 4f) kzﬂz( Ai(t )c s to) — k( )sm(k2 210))

+ %kznz (Ai(x) cos(k®nte) — Bi(c) sin(kr1y))

+ % (Cr(z) sin(kmbto) + Dy(7) cos(kmbty))

x %kﬁnﬁ (—Ax(2) cos(kK*7>10) + Bi(v) sin(k>m 1))

x sin(knd)y, — §k7n7 (—Ak(z) cos(k*n*to)

+ B (7) sin(k*n*t9)) cos(knd)oy, (56)

L (@a%k + 72y ) —kn b(a 6( )co (kmbty) — Da( )cos(knblo)>

— %kznz (Ak(r) cos(k*n*tg) — Bi(t) sin(k*n*to))
- b—zl(ck(r) sin(knbty) + Dy (t) cos(knbty))
+ 0P T3 (— C(r) cos(kmbty) + Dy(t) cos(knbty)) oy, (57)

where

d
b = /0 (—d(d® = 3d + 2)x + (1 — d)x*) sin(knx) dx

1
+ / (d® — d(d® + 2)x + 3dx* — dx®) sin(knx) dx,
d

d
Ok = / (—(3d* — 6d 4 2)x — x*) sin(knx) dx
0

1
+ / (3d* — (3d* + 2)x + 3x% — x*) sin(knx) dx,
d

d 1
— / (d — D)xsin(knx)dx + / d(1 — x)sin(knx) dx.
0 d

Now it should be observed that in the right-hand side of Eqgs. (56) and (57) terms like cos(k*n2t,), sin(k*n?1),
cos(kmnbty), and sin(kmnbty) occur. These terms are solutions of the corresponding homogeneous equations (56)
and (57). So, secular terms will occur in the solutions for f, (¢, 7) and g, (%o, 7). To avoid these secular terms the
coefficients before the terms cos(k*n2ty), sin(k*n1o), cos(kmbty), and sin(kmbty) have to be set equal to zero.
Now two cases have to be distinguished (a) b#kn for all k and (b) b = k= for a certain value of k. This first
case will be referred to as the nonresonant case and the other one will be called the resonant case.

4.1. The nonresonant case (b#kmn for all k)

In this case it follows from Egs. (56)—(57) that Ay (t), Br(t), Ci(t), Di(t) have to satisfy
A = — (oc sin®(knd) + pk>n? cos(knd) — %)Ak,

B =— (oc sin’(knd) + pk*n? cos*(knd) — %) By,
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Cr = —0b? sin’(knd)Cy — Dy,

1
2kmh

—ob? sin’(knd) Dy + ——— (58)

2kb

where the dot represents differentiation with respect to t. The eigenvalues of system (58) can easily be
determined, yielding

dia = —(oc sin?(knd) + pkn? cos*(knd) — %) Jya = —0b% sin(ernd) 4 i~ (59)

2kmb’

It is clear that for all sufficiently large values of the damping parameters o and f the real parts of the
eigenvalues 1, and A, will be negative. Moreover, it follows from Eq. (59) that also the real part of A3 and A4
are negative when sin(knd)#0. So by choosing «, 8, and d appropriately it follows that damping in the beam
system can always be obtained.

4.2. The resonant case b = kn for a certain fixed k

In this case for b = k= the frequency of a vertical and the torsional oscillation models will coincide. Then, it
follows from Egs. (56)—(57) that Ai(t), Bi(t), Ci(t), Di(t) have to satisfy

o ) 2.2 .2 _a ay
A = (oc sin?(bd) + i cos>(hd) 72)/1,( + 50 De (60)
B (oc sin’(bd) + i cos*(bd) — —) B - ¢ 61)
k= % Y k>
b bikrn
2 1 _ AN

—0b” sin (bd)Ck 2b Dk b Ak, (62)

b bikr
= —0b”sin (bd)Dk +2b Ck b By. (63)

The eigenvalues of system (60)—(63) are given by

J=— g + V/Icl(cos(Arg(c)/2 + mn) + i sin(Arg(c)/2 + mm)), (64)

for m =0, 1, where

a = osin’(bd) + pk*n® cos(bd) — + ob? sin’(bd) F i 2bb

2

¢ = i (oc sin®(bd) + pkn? cos2(bd) — 2L — 5b? sin (bd)) 116’;)4

+ i% (orsin’(bd) + pk*n? cosz(bd) — b sin*(bd)).

In Fig. 4 the maximum values of the real parts of the eigenvalues are given (on a gray scale) for different values
of the damping parameters. The parameters ¢; and b; describing the wind velocity are taken from experiments
[17] and are in this case taken to be equal to 0.42 and 0.75, respectively. Positive values of the real part of the
eigenvalues correspond to a white coloring in Fig. 4. It can be seen that no damping in the system will occur
only for quite a small number of combinations of the parameter values «, ff, and 6. To construct these plots
one parameter, in this case the parameter o, and the position of dampers on the beam have been fixed. From
the plots it can be seen for which combinations of the other two parameters ff and 6 damping will occur or not.
By taking the parameter o sufficiently large (larger than 0.01) damping will occur for all combinations of the
parameters f§ and 5. We can always fix an other parameter, for example d. So for 6 = 0.001 for «<0.5 and
£ <0.35 damping will always occur.
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Fig. 4. Plots of the real parts of the eigenvalues for different values of the damping parameters.

5. Conclusions

In this paper the oscillations of a suspension bridge have been modeled by coupled vertical and torsional
oscillations of a simply supported beam. This model has been described by coupled, linear partial differential
equations. Several types of dampers have been added to the beam to diminish undesirable oscillations. It has
been shown that a combination of three types of dampers (damping proportional to the lateral velocity,
damping proportional to the rotational velocity, and damping proportional to the torsional velocity)
guarantees the presence of damping in the system when the damping parameters and positions of the dampers
are chosen appropriately. The use of one or two types of dampers will not always generate damping in the
system. As, for instance, can be seen from Eq. (59) if parameter d is such that sin(knd) = 0 and parameter
B =0 or cos(knd) = 0 and parameter o = 0. Because then two of the ecigenvalues have a positive real part.
Since it is in all cases possible to calculate the eigenvalues explicitly, it is not so difficult to generate stability
diagrams for given parameter values o, f3,9,d,b,a; and b;.
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